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What is the No-3-in-Line Problem?

317.—A PUZZLE WITH PAWNS.

PLACE two pawns in the middle of the chess-
board, one at Q 4 and the other at K 5. Now,
place the remaining fourteen pawns (sixteen
in all) so that no three shall be in a straight line
in any possible direction.

Note that I purposely do not say queens,
{ because by the words ‘ any possible direction
I go beyond attacks on diagonals. The pawns
must be regarded as mere points in space—at
the centres of the squares. See dotted lines
in the case of No. 300, “ The Eight Queens.”

Dudeney, 1917

What is the largest
number of points we
canplaceonannxn
grid, no three of

which lie on aline?




Play it yourseh‘I




Three
Points
Collinear




Play it yourseh‘I

Number
of points:
5




Play it yourseh‘I

Number
of points:
6
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Why is this such a difficult
problem, one that has puzzled

mathematicians for over 100
years?




Challenge: Try to find 10 points on this 5x5 grid such
that no three are collinear.




a

heorem (Flammenkamp,

/ \ 1998):
Theorem (Hall, Jackson, Foralln <46 and n =
Sudbery, Wild, 1975): 48,50,52, we can find 2n
For any €0 and all n that are points on an n x n grid, no

large enough, we can find at \three in a line.
least (1.5-€)n points on an «
n x n grid, no three in a Iine./




a

heorem (Flammenkamp,
/ \ 1998):
Theorem (Hall, Jackson, Foralln <46 and n =
Sudbery, Wild, 1975): 48,50,52, we can find 2n
For any €0 and all n that are points on an n x n grid, no

large enough, we can find at \three in a line.
least (1.5-€)n points on an %
n x n grid, no three in a Iine./

For n=47, 49, 51 and n>52, % o

we do not know the largest 7
number of points on an n x n \3
grid with no three in line. )‘

— o



Can we use computer
algorithms to find

more than 1.5n points
in these "big grids"?




We adapt the Monte
Carlo Tree Search
(MCTS).

- What is MCTS?




I'm hungry! Which
way should | go to
find more ants?



Let me try this
direction today!



| find 4 ants!




Let me make
marks along
the path.



| didn't eat enough
yesterday.
Maybe try another






The 2nd way
seems better!
Let me EXPLOIT!




There's a new way

I've never gone










Optimized Reward Function:

2 number_of _points—n

Value(s) = e~ n




Q: Why is the balance between exploration and exploitation

so important?
- If we always explore, the tree will be like this (443 nodes):






Optimized Upper Confidence Bound (UCB) for
Trees with Exploration Decay

value_sume ;14

UCB(child, iter) = ——— + [C - explorat.ion_dccay(

iter ) ] In(visit_countpgrent)

visit_count xiid num_searches visit_count.niid

WWCCH cxploration_decay(z) = 1 — 0.85/x




Visits: 90
Value Sum: 558.806

Av%VaIue: 6.209
CB: 0.000

Visits: 1 Visits: 1 Visits: 1 Visits: 1 Visits: 79 Visits: 1 Visits: 4 Visits: 1 Visits: 1
Value Sum: 1.948 Value Sum: 3.794 Value Sum: 3.794 Value Sum: 3.794  Value Sum: 515.327 Value Sum: 3.794 Value Sum: 18.770 Value Sum: 3.794 Value Sum: 3.794
Avg Value: 1.948 Avg Value: 3.794 Avg Value: 3.794 Avg Value: 3.794 Avg Value: 6.523 Avg Value: 3.794 Avg Value: 4.693 Avg Value: 3.794 Avg Value: 3.794

UCB:3.476 UCB: 5.322 UCB: 5.322 UCB:5.322 UCB: 6.860 UCB: 5.322 UCB: 5.435 UCB: 5.322 UCB: 5.322



Equivalent by rotating 90° clockwise

Visits: 1 Visits: 1 Visits: 1 Visits: 1 Visits: 79 Visits: 1 Visits: 4 Visits: 1 Visits: 1
Value Sum: 1.948 Value Sum: 3.794 Value Sum: 3.794 Value Sum: 3.794  Value Sum: 515.327 Value Sum: 3.794 Value Sum: 18.770 Value Sum: 3.794 Value Sum: 3.794
Avg Value: 1.948 Avg Value: 3.794 Avg Value: 3.794 Avg Value: 3.794 Avg Value: 6.523 Avg Value: 3.794 Avg Value: 4.693 Avg Value: 3.794 Avg Value: 3.794

UCB:3.476 UCB: 5.322 UCB: 5.322 UCB:5.322 UCB: 6.860 UCB: 5.322 UCB: 5.435 UCB: 5.322 UCB: 5.322



6 -= 36 nodes by symmetric action space restriction

Next Step > Trial trial_O_n3 (6 steps) » Step1(36 nodes) » i Auto Play Trial trial_O_n3
Visits: 68 Visits: 4 Visi
Value Sumn: 495.265 Value Sumv 24115 Sum: 3,
A Ape St Mgl

Visits: 3 Visits: 1 Visits: 32 Visits: 31 Visits: 1
Valuo Sum: 18572 Valug Sum: 3794  Valua Sum: 236,450  Value Sum: 229.081  Value Sum: 7.389
v Yol 191 AgVae 374 Avglaluei7ds0  Aplaluo:l360 . Avp Value: 7300
C8: ICB: 4.750 CB: 7. C8: C8: 9,043
Visits: 1 Visits: 31 Visits: 15 Visits: 15
Valuo Sum: 7.380  Val 794 Velue Sum: 229061 Value Sum: 110.836  Value Sum: 110.836
Avg Value: 7.389 Avg Value: 3,794 Avg Value: 7.389 Avg Value: 7.389 g
UCB: 8.867 Uce: 5272 UCB: 7.861 UCB: 7.498 UCB: 8.064.
Visits: 30 Vishs: 14 Visis: 14
Valuo Sum: 221,672 Valuo Sum: 103447 Valuo Sum: 103.447
Avg dalu: 7389 v, 7.389 Avg Valug: 7.389
C8: 7.866 IC8: 8.008 IC8: 8.008

Visits: 1

Value Sum: 7.389

Avp Value: 7.
ICB: 9.048

Visits: 1

Value Sum: 1.948

Aup Valug: 1,948
IC8: 3.608

- Step 0: 0 points placed

Vists: 3
Vao Sur: 16,672
“Bea Sz

Nodes: 36 Grid: 3 Step: 1/6

WVisis: 90
Value Sum: 596,510
Avg Value: 6.628
UCB: 0.000

Visis: 86 Visits: 2 Visits: 2

Value Sum: 583.181 Value Sum: 5.741 . Value Sum: 7.587

Avg Valug: 6781 Avg Valug: 2871 Avg Value: 3.794
C8: 7.104. C8: 3.951 8: 4878

Visits: 3 Visits: sits: Visits: 1 ts: 1
Valoo Sum: 14976 Valua Sum: 1948 Valug Sum: 3.784 lue Sum: 1848 Valug Sum: 1948 Value Sum:

‘Avg Value: 4. Value: 1,948 lue: 3,794 Avg Value: 1.948 Avg Value: 1.948 Avg Value: 3,784
Uce: 5812 8: 3.300 8:5.146 3.300 Uca: 3.122 4

Vists: 1
Value Sum: 3794

Avg Vakue: 3.794 Avg Value: 3.784
ict Beas

Vishs: 1

Value Sum: 3,794

Avg Value: 3704
IC8: 5272

Vs
Value Sum: 3.
Avp Valug: 37

C8: 5272

mm Use « - for steps, 1 { for trials, Space for auto-play



- With optimized

exploration-exploitati

balance,

IoN

Visits: 900
Value Sum: 6619.541

\V lue: 7.3
?JCB: 0.000

Visits: Visits: 898
Value Sum: 3704 _~Value Su 6511.954
Avg Val Avg Value: 7.363
Beas et bR et UCB: 7.486

Visits! 4 ts: Visits: 1
Value Sum: 24.115 Value Sum 6561 80 Value Sum: 3,794
Avg Value: 6.029

Visits: 1
Value Sum: 3.794

AvgValue:3.794  AvgValue:3.794
UcB: 7.022 - UcB: 5530 UcB: 5530 UCB: 6.930
Visits: 4 Visits: 884 s
Valu Sum: 1948 Value Sum: 25,961 Value Sum: 6528.330 Value Sum 794
Valu Avg) Value: 6,490 Avg Value:7.385 Avg Valu
ICB: 9.049 R a5 s ICB: 7.509 fea ase
Visits: 1 i Visits: 441 its:
Value Sum:7.389  Value Sum: 7.389 Value Sum: 3258.574 Value S 351,185
Avg Val Avg Aug Val vﬁ Avg Valug: 7.389
ICB: 9.049 ICB: 7.564 ICB: 6.749 CB: 7.415
Visits: 440 Visits: 1 ts: Visits: 220
Value Sum: 3251185 Value Sum: 3.704 Value S 1648.203  Value Su: 1625.502
Avg Value: 7.389 Avg Value: 3.7 Avg Value: 7.389 Avg Value: 7.389
UCB: 7555 BB oes UcB: 7.425 UcB: 7.624
Visis: 218 Visits: 219
: 1610814 Value Sum: 1618.203
e Avg Value: 7.389
UCB: 7,555

UcCB: 7.611 UCB: 7.610



- With optimized
exploration-exploitation
balance,

- it cleverly gives up actions
that do not seem to lead
to good outcomes

Visits: 900
Value Sum: 6619.541
AV%VEI 7 355

Visits: 898
Value Sum: 6611.954
Avg Value: 7.363
UCB: 7.486

uce: 5199 uce: 5199
- . | | ‘

Visits: 4 Visits: 1 Visits: 1 Visits: 2
Value Sum: 24.115 Value Sum 561 .680 Value Sum: 3.794 Value Sum: 3.794 Value Sum: 11.183

Avg Value: 6.029 \vg Value: 7.381 Avg Value: 3.794 Avg Value: 3.794 Avg Value: 5.591
UCB: 7.022 UCB 7.504 UCB: 5.530 UCB: 5.530 UCB: 6.930
RN \
\ 4 \ \ :
Visits: 1
Value Sum: 7.339 Value Sum: .33 Vslue Sur Value Sum: 3. 794
A A A Avg Value:
ICB: 9049 [o- - X 049 ICB: 7.509 uce: 4953
Visits: 1 Visits: 1 VISI 3 Visits:
Value Sum: 7.389 lue Sum: 7.389 Value Sum 11 183 Value Sum 3251 Wl
Avgvslus: 7.389 Av%\lslue 7.389 AVEIVsluS 7.389 AVB AVEI 389
ICB: 9.049 ICB: 7.564
Visits: 440 Visits: 1 Visits: 219 Visits: 220
Value Sum: 3251.185 Value Sus .794 Value Sum: 1618.203  Value Sum: 1625.592
Avg Value: 7.389 Avg Value: 3.794 Avg Value: 7.389 Avg Value: 7.389
UCB: 7.555 UCB: 4.968 UcB: 7.425 UCB: 7.624
Visits: 439 Visits: 218 Visits: 219
Value Sus 243.7¢

'96 Value Sum: 1610.814 Value Sum 8.203
Avg Valu 389 Avg Value: 7.389 9




- With optimized

exploration-exploitation

balance, )

it cleverly gives up actions
that do not seem to lead

Visits: 4 Visits: 1 Visits: 2
Value Sum: 24.115 Value Sum: 3.794 Value Sum: 11.183

TO good OU'I'CO mes ‘ A e b R Avﬂ\c/g:jg.:eiag;
. N LN\

and outputs an optimail S SE
g Value: 7380 Value: 1848 Value: 5450 AvgValll7 385 g Valug: 3 704

solution with a tree of only
28 nodes:

Avg Value: 7.389
VEICB: 9.049

Vﬂlus Sum 11 183 Value Sum 3251 185
A a 5 591 AVE' lu 7 89

Visits: 219 Visits: 220
Value Sum: 1618.203  Value Sum: 1625.592

Value
% Avg Value: 7.389 AVEIValue: 7.389
ICB: 4. 968 UcB: 7.425 ICB: 7.624
Visits: 439 Visits: 218 Visits: 219
Value Sum: 3.796 Value Sum: 1610.814 Value Sum
389 Avg Value: 7.389

8.203
9
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Algorithm performance opt

~2000x faster compared with early version

evaluate(args)
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Results for largest number of points:

Flammenkamp:
The purple points
(2n) are my results.

Hall, Jackson,
Sudbery, Wild:
The brown line is
our result (1.5n).
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Grid size n



The yellow points surpassed previous best results:

0n
]
£
o
o
Y—
o
-
[}
Q
£
=)
=2

| can do better!
| found 1.8n % 2 pts
for 58<n<73.

3 5 7 9 1113 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59 61 63 65 67 69 71

Grid size n




No-Three-In-Line Grid with Action Probabilities
Grid: 72x72, Points: 129, Algorithm: MCTS, Searches: 518400

EXGmple C: 1.41, TopN: 72, Priority: False, Workers: 1
129 no-three-in-line e
points on a 72 x 72 grid

°
o

Action Probability

o
'S




Another way to phrase this problem
-What is a "Complete Set"?

Short informal definition:
Putting any more point info the set of points would cause 3 in aline.



Not “complete” “‘complete”

Try Yourself!



Example:

Largest
Complete
Set

In 4 by 4

Try Yourself!



Example:

Smallest
Complete
Set

In4 by 4

Try Yourself!




SOTA Results for Smallest Complete Set (aichholzer et al.):

Smallest Complete Sets




We just "negate” the Reward Function:

9. number_of _points—n

Value(s) = e n

2 n—number_of _points

Value(s) = e* n




No-Three-In-Line Grid with Action Probabilities
Grid: 11x11, Points: 10, Algorithm: MCTS, Searches: 12100
C: 1.41, TopN: 11, Priority: False, Workers: 1
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Smallest Complete Sets: Ours vs SOTA

—e— SOTA I,
—8— Ours Min
S y=x

| haven’t
surpassed the
SOTA result

yet.

Number of Points

9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59
Grid size n




Smallest Complete Sets: Ours vs SOTA

—e— SOTA I,
—8— Ours Min
S y=x

But | propose
an approach
to explore
larger grids.

Number of Points

9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59
Grid size n




Future Work

Reward Function Optimization

Single Tree Search

Graph Search-Merge Similar States

Incorporating Neural Networks

~ LLM-based Code Optimization

(e.g. Alpha Evolve)



hank you

Challenge:

Play it yourself!

Question of 100+ years.
- Largest number of
- _pointson a 47x47 grid is
'still unknown.
Maybe you can do it!
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Image sources: UCI Student Affairs graphics, Wikipedia, Chat GPT and Gemini Image Generation



